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[TectoB A. E2-2025-43
CylIHOCTb TeMHOH MaTepuu

[IpaBasi cTopoHa ypaBHeHHs JUHLITEHHA SBJSETCS YHUCTO (PEeHOMEHOJIOTHYE-
ckoi. Obpamiaercss BHUMaHHe Ha TO, 4TO B cPOpMy/aHpoBaHHOH JlopeHueM Teo-
pHM 3J1eKTPOHOB IpaBasi CTOPOHA ypaBHeHMH MakcBeJssia TakKe SIBJSETCS YUCTO
tenomenosorndeckoll. OfHaKO ¢ OTKpHITUEM II0JIEBOH, WJIM KBAaHTOBOH, 3JeK-
TPOAMHAMUKH, OCHOBaHHOH Ha ypaBHeHHsx Makcpesnna—-Ulpennnrepa u Makc-
Besuta—Jlupaka, neTaau npaBoi CTOPOHBI ypaBHEeHUH MakcBessia OblIH MPOSICHEHB
Ha (yHIaMeHTaJbHOM TEOPETHKO-NoJieBOM ypoBHe. CchopMmy/nnpoBaHa oJeBas
IPaBUTOAMHAMHUKA, YCTAHOBJIEHB OCHOBHblIE MOHATHS M YPaBHEHHs I10JIEBOH, HJIH
KBAaHTOBOH, IPaBUTOJMHAMUKH H, CJle/l0BAaTeNbHO, PAaCKpPbITa CYLIHOCTh TaK Ha3bl-
BaeMOH TeMHOH MaTepHH.

Pa6ota BbinosiHeHa B Jlaboparopuu Teopetnueckol ¢pusuxu um. H. H. Borouio-
6osa ONAIMN.

[penpunt O6beNUHEHHOTO HHCTUTYTA sIIEPHBIX HccaenoBanuit. [1y6Ha, 2025

Pestov 1. E2-2025-43
Essence of Dark Matter

The right-hand side of the Einstein equation is purely phenomenological.
We note that in the Lorentz theory of electrons the right-hand side of the
Maxwell equations is purely phenomenological as well. But with the discovery
of field, or quantum, electrodynamics, based on the Maxwell-Schrédinger and
Maxwell-Dirac equations, the details of the right-hand side of the Maxwell
equations were clarified on the fundamental field-theoretical level. In this paper,
we formulate a field theory of the gravitodynamics. The main notions and
equations of the field, or quantum, gravitodynamics are established and, hence,
the essence of the so-called dark matter is disclosed.

The investigation has been performed at the Bogoliubov Laboratory of
Theoretical Physics, JINR.
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INTRODUCTION

The idea of constructing a theory of gravitation on the basis of field
concept was put forward by Einstein. In 1913, the tensor gravitational
field was introduced [1], which enabled explaining the rotation of Mercury’s
perihelion in 1915. Subsequent research by Einstein has been actually aimed
at finding a field that could be the carrier of gravitational charge in some
way analogous to the electric one. The search for a field gravitodynamics
continued till 1955 [2] and was not completed.

The idea of gauge or internal symmetry, first proposed by Weyl in 1918
on the basis of the general covariant concepts of the Einstein theory, gained
fundamental importance in the Standard Model but did not find heuristic
application in general relativity itself. The internal symmetry transformations
are inseparable from field representations since they concern field functions
and do not affect coordinates. Thus, internal symmetry is related with pheno-
mena that cannot be described based on the classical concepts, for example,
the concept of trajectory and, hence, point particle.

The left-hand side of the Einstein equation is defined by the curvature
tensor of the gravitational field and, hence, it is very beautiful from a geomet-
rical point of view. Einstein believed that the right-hand side of his equation
should be a perfect expression in gravitodynamics as well. That is why
Einstein looked for new fields with the goal to replace the phenomenological
right-hand side of his equation as a temporary way out. Our goal here is to
formulate the main equations of gravitodynamics and by this to disclose a
field-theoretical content of the right-hand side of the Einstein equation. The
left-hand side stays without any changes. Thus, we associate the so-called dark
matter with the solution of the Einstein problem. Within the field theory of
gravity, a theoretical description of dark matter is conducted. Evidence of dark
matter was discovered nearly a century ago, but until now only gravitational
interaction of this matter was confirmed.

The paper is organized as follows. In the first section, we first of all
represent important aspects of the principle of general covariance. After that
we consider the parallel displacement defined by the metric and covariant
derivative associated with this displacement. The commutator of the covariant
derivatives gives the curvature tensor of the gravitational field which defines
the left-hand side of the Einstein equation. Following this line of ideas, we
consider the most general parallel displacement (quite independent of the
metric and anything else) and recognize that it is tightly connected with
a group of general covariant gauge symmetry G., which defines a general
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covariant gauge field and has vector and covector fields as fundamental
two-valued representation. The commutator of gauge covariant derivatives
gives the curvature tensor of the general covariant gauge field and the needed
details of the right-hand side of the Einstein equation. The notion of the
ground state of the general covariant gauge field is introduced. In the second
section, we consider the curvature tensor of the general covariant gauge field
and its two-valued representation in more detail. The curvature tensor of the
gravitational field is traceless, but the curvature tensor of the general gauge
field has a trace. Hence, we separate the gauge invariant trace part and deal
with it separately. We derive equations of gravitodynamics and demonstrate
that the trace part represents the electromagnetic field.
In the conclusion, we discuss some physical aspects of gravitodynamics.

1. GENERAL COVARIANT GAUGE FIELD

In what follows we will often appeal to the principle of general covariance
and that is why we pay attention to three important aspects of this principle.
A full correspondence with the principle of general covariance is passed on
saying “general covariant”.

In accordance with the seminal work of Einstein and Grossmann [1], this
principle, before all, means that functions of multiple variables are elementary
objects and hence, to formulate the laws of Nature, it is possible to use
only systems of functions (invariants) which are classified by the laws of
transformation under the transition from initial system of coordinates to
any other one. An important element of the theory of functions of multiple
variables and, hence, general covariant theory is the reference space R™.
The point of reference space is defined as an n-tuple of given real numbers
= (z!, 2%,---2"), —oo < x' < o0, and the distance function is introduced as
usual:

dla,y) = (@' = g2 + (@2 = 22 4 e (0 = )

One more aspect of the principle of general covariance was discovered by
Einstein as general relativity or reparameterization symmetry (R-symmetry)
in [3]. To define this symmetry, let us consider a domain  in the reference
space R™. By the transformation of this domain, we will call 2n real functions
ad(zl, - a") = al(z), b [(x!,--,2") = o' (x) for which the domains of
their definition coincide with © and moreover they define one-to-one mapping
of Q onto itself so as to y* = a’(x), o' |(y) = x'. Now let us consider a new
system of coordinates T' = Z'(x) = o(x) in the domain (2 that is defined by
the transformation of this domain. Let A;(z) be a covector field in €. In the
new system of coordinates, one can consider the covector field A;(T). Let us
see what this new covector field looks like in the initial system of coordinates.

We have = (1 o (2
) = 4@ 0 — 4o 22D




Thus, we put any transformation of the domain 2 into correspondence with
the transformation of the covector fields in accordance with the rule

~ da’ ()

Ai(z) = Aj(alz)) =5

For the scalar field and the symmetric covariant tensor field of the second
rank, we have ¢(z) = p(a(x)),

ok (z) 9l (x
9ij(x) = gkl(a(x))aTxg)aa;j )

It is not difficult to write the laws of reparameterization for any fields.
We mention important aspects of the R-symmetry. Let us consider some
infinitesimal transformation of the domain (2, setting of(z) = 2% + £%(z) with
condition that vector field £!(z) should be trivial on the boundary of €. It
is not difficult to show that under the infinitesimal transformation difference
Ai(x) — Ai(x) = &8 (2)0kAi(x) + Ap(2)0;€%(z) can be applied as variation
in the stationary-action principle. It should be noted that, for example,
the Maxwell equations in the external gravitational field can be written in
any system of coordinates but they are not invariant with respect to the
transformations of the R-symmetry, and only the Einstein—-Maxwell equations
are invariant with respect to the transformations of this symmetry. Thus,
R-symmetry should be considered as a deep reason of special status of
the gravitational field and the principle of universality of the gravitational
interactions.

And last but not least, the derivatives of the gravitational potential g;;
must not enter into Lagrangian of field that is different from the gravitational
one. A well-known example is the Lagrangian of the electromagnetic field.
This demand is very important for the correct definition of the momentum of
the field in question and is formulated as the concept of natural derivative.
For example, the tensor of the electromagnetic field is a natural derivative of
the vector potential. Other examples are given below.

From a geometrical point of view, the curvature tensor of the gra-
vitational potential ¢;; emerges naturally from the parallel displacement
OV =dV' +T%,dx?V* =0 and the commutator of the covariant derivatives
(ViV; — V;Vi)VF = R;;;*V!. The antisymmetrical tensor (trace) R;;.* of
the curvature tensor is trivial since 9;I'%, — 8;T}, = 0. However, from R;;"
we can create the symmetrical tensor Rj, = Ry;;" and the scalar R = Rj; ¢!
and define absolutely the L.h.s. of the Einstein equation G;; = T3;. You can see
that T is a natural derivative of g;; and Ry;;" is a natural derivative of T'%; .

With this sequence of ideas in mind, it is natural to put forward an
idea that a curvature tensor that defines the r.h.s. of the Einstein equation
results from the general parallel displacement §V* = dV' + P}, da?V* = 0,
where the connection P;k is considered as a primary entity. To define a true
status of the field ij and general relativity as well, let us define a general
covariant gauge group G.. To this end, we start from a natural general
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covariant generalization of the notion of the linear vector space putting that
the vector fields are elements of L, and multiplication on a real number
is substituted by the multiplication on the scalar field. It is evident that
Wi(z) = a(x)U*(x) + b(x)V*(x) is again the element of L,. The covector
fields U; are the elements of the dual space L,. The linear spaces L, and
L, have notable properties. For a natural and constructive introduction of the
linear operator, we do not need to introduce the n linear independent vector
fields B! (x) as in the abstract theory of linear spaces, since the role of the
linear operator is played here by the tensor field S;(x) of type (1,1). We
consider the general covariant equations
Vi(z) = Sj@)V(2), Tilz) = 5" (2)U;(x)

?

as the definition of the linear operator in the linear spaces in question. A pro-
duct of two operators is defined in evident form P}(z) = Si ()T} (x). Below it

will be shown why we use for the covector fields operator S‘1§ inverse to the

operator S7, S};S”? = §i. We see that the linear spaces L, and L, are the
spaces of the fundamental representation of the general covariant non-Abelian
gauge group of internal symmetry. The parallel displacement of the vector

fields V' = S¥(x)V7(x) and V? can be produced only by a pair of connections

P’ and P};. From the law of parallel displacement we have

P = $,Ps ]+ 80,8 T
Hence, the general covariant gauge symmetry states that a physical
configuration is not a given potential ij but rather a class of gauge equivalent
potentials defined above. This symmetry essentially uniquely defines the
dynamics of the general covariant gauge field and the r.h.s. of the Einstein
equation and, hence, the nature of gravity. The general covariant gauge field
in question will be called K-field.
We deline gauge covariant derivatives as follows:

D;Vi=0,V' + Pj,V*, DU, = 0;U; — PiUy,
and have equations
D;V' = SiD;v*, D;U; =S¥ D,Uy,

which establish the status of the vector and covector fields in the framework
of the general covariant gauge group G.. We define that the general covariant
spinor field is the vector field V* that is considered as the fundamental
two-valued representation of the group G.. And accordingly, the general
covariant conjugated spinor field is the covector field that is considered as
conjugated two-valued representation of the group G.. It is evident that
in this case Sj and —Sj define different transformations of the group G..

We consider a pair (U;,V7) as a general covariant bispinor field. The other
vector and covector fields should be considered as invariants with respect to
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the transformations of the group G.. We introduce two fundamental gauge
invariant covector fields and one scalar field putting

&=UDV', n=VDU, ¢=UV"

We have & + n; = 0;pp. Now we establish general covariant and gauge
invariant Lagrangian for our general covariant bispinor field (U;, V¥) and
derive equations for this field. Equations for the general covariant gauge field
P]?k will be established in the next section. We put

1 ) 1 ) 1
Ls=1 (5&51 + 57%771 - §m2<ﬁ2) :

where &' = g%¢;, I, and m are constants of the dimension of em™!, and hence
(U;, V7) and action are dimensionless. Varying with respect to U; and V7, we
derive the following system of equations:

(DU + (Vi +mPp)U; =0, ¢ =¢ -7, (1.1)
DV — (Vin' + mp)V7 =0, (1.2)

where V; is covariant derivative with respect to connection belonging g;;.
From this system of equations it is not difficult to derive two important

consequences: .
Vi(¢'e) =0, (1.3)
DZ<\/§<ZUZVJ) = O, g = —Det(gij). (14)

The commutator of the gauge covariant derivatives (D;D; — D;D;)VF =
= [Di,Dj]Vk = Hijlle, where Hijlk = 8zpjkl — 8JP5 + PZ];:‘LPJTIL — anf)ﬁ,
gives the curvature tensor (the strength tensor) of the general covariant
gauge field. It is evident that H;;* is the natural derivative of the potential
Pl,. We also have that Hij® = Sk Hij,S~!]. The antisymmetric tensor
Fij = Hijp* = 8ink — 0; Pk (trace of the curvature tensor) is nontrivial here
and should be considered separately from the irreducible (traceless) strength
tensor I;;% = Hyj* — YH;;,"0F, L' = 0. It is easy to see that some
indices have a double purpose. In view of this, in what follows we will use
the natural matrix notation

_ ik
S=(S), s'=(s"), Pi=(R}), E=(5)
H; = (Hi;"), TrH;; = Hij", Hi; = 0,P; — 0,P; + [P, Py,

which allocates these indices. We also consider covector field U; as matrix-
row, vector field V* as matrix-column, their product U;V7 as matrix and put

U=U), V=) W=V

The transformations of the general covariant gauge field and the other fields
take the simple form

Fi = SPiS_1 + S@iS_l =P, + SDZ‘S_I, ﬁij = SHZ‘]‘S_I,



DH;, =SD;H;S™!, W=SWs/,

where D, is the gauge covariant derivative defined above and associated
with general covariance and general covariant gauge symmetry; D;S = 0;S+
+P;S — SP; = 0;S + [P;,S] is the tensor field, D;H;, = 0;Hji, + [P;, Hjp]
is not the tensor field but D;H;, + D;Hy,; + DiH;; is the tensor field, and
the identity D;H ;i + D;Hy; + DyH;; = 0 is general covariant.

To allocate the physical degrees of freedom of the K-field and disclose a
mechanism of emergence of mass of this field, we introduce the important
notion of the ground state. The ground state of the general covariant gauge
field is defined as a solution of the equation H;; = 0. Let four linear
independent vector fields Ej be given. With this, one can construct purely
algebraical components of the four covector fields Ej', so that E}Ef = ¢
holds valid. Setting Pjj = L%, where L} = EfO;E]' is a linear connection
of the ground state, we get a general solution of the equation H;; = 0. For
the ground state we have Tr (L;) = d;ln |p|, where p = Det (E!"). Thus, we
can define the ground state as any quadruplet of linear independent vector
fields B/, associated with the connection L} = Ef9;E/'. The ground state is
invariant under the general covariant gauge transformations. Indeed, if the
quadruplet of vector fields F;, represents the ground state, then EL = SIE)
is the ground state as well, since L; = SL;S™! 4+ S9,S~ .

The transition from the ground state to the excited one is characterized by
the tensor of transition T}, = P}, — L%, with a simple (homogeneous) law of
transformation T; = ST;S™! and the irreducible tensor Q; = T; — (Tt T;) E
with the trivial trace TrQ,; = 0.

2. BASIC EQUATIONS

To derive equations of gravitodynamics, we establish the Lagrangian of
K-field putting

2
Lp= —i Tr (I;17) + % Tr(QiQ"), Lem = _iFijFij7
where I = ¢"*¢i'T};, Q' = g**Qy, and " is a constant of the dimension
of em~!. Dimension of P, is equal to cm™' and the action is dimensionless.
The general covariant and gauge invariant Lagrangian £ of all fields in
question takes the form £L = Lp + Ly + L5 + L4, Where L, = (l2/2)R is the
Lagranglan of the gravitational field and [, is a constant of the dimension
of em™. By varying the Lagrangian £ with respect to P;, the Iollowing
equation holds

1 e y ]
. ij Jao 9. ij J =0. 21
ﬁDz(\/EI )+ 1°Q +\/§<’%(\/§F JE+{W=0 (2.1)



Taking trace from equation (2.1), we find that

1 S
——Oi(\JGF) + 5p¢T =0,
7 (VgE?) + 7¢C
since Tr I = Tr QJ = 0. Hence,
1 N o 1
—Di(vg17) + Q7 + J(W—Trw E)O. 2.2
D) + Q)+ (W G(TW) @2)

From (2.2) it follows that Q' has to satisfy the equation D;(,/gQ") =0,
because D; D;(,/gI7) =0, D;(,/g¢*"W) = 0 and 9;(,/g("¢) = 0.

To make a clear and apparent conclusion from these results, we first of all
mention that the strength tensor I;; can be written in terms of the irreducible
tensor Q; only, since

L; =D:Q; — D; Q: + Q:Q; — Q;Q;.
Here 10)1 denotes the gauge covariant derivative with respect to the connection
L; of the ground state and, hence, [D;, D;] = 0. For the antisymmetric tensor
F;; we obtain
Fij = 0;Pji, — 0; P, = 0,(Ly, + Tfi) — 0; (L, + T}) = 0,T);, — 9, T},

since TrL; = 9;In|p|, p = Det(E!"). Thus, we can consider the tensor field
k

k with the constraints Q% = 0 and covariant vector field A; = T} as
independent quantities, which obey the equations
1
V9
o b (VAT @1 ¢ (W jmw)R) —o,
N 4
We conclude that Einstein equation of the gravitodynamics takes the form
12Gij +Ti; =0,
where Tij = Pij + Eij + Sij and
Py = —Tr (IL*) — g;; Lp + 1" Tr (Q:Qy)
is the energy—momentum tensor of the K-field, I;* = 1I;,¢",
Eyj = —FyF' — gijLem, Sij = E(&& +ming) — 9i;Ls

are the energy-—momentum tensor of the electromagnetic field and the
energy-momentum tensor of the gauge covariant bispinor field (U;, V7),
respectively. It is evident that the tensors P;;, S;;, E;; are invariant under
the transformations of the general covariant gauge group. The mass term
p©?Tr (Q;QY) is obtained by means which do not violate the general covariant

8i(\/§F”) + Z(PCJ = O, Fij = 8214] — 8in,
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gauge symmetry, and this is an important point for the renormalizability of
the theory.

From our consideration it follows that the ground state E; represents
nonphysical degrees of freedom and equation S{E’ =4, is an evident and
natural gauge fixing.

Now our goal is to establish the physical meaning of the constants I, I, p,
and m. To this end, let us remind that in the electrodynamics it is impossible
to consider dimension of the vector potential equal to cm~! without constant
e that is called “electrical charge”. In gravitodynamics the same situation
takes place with respect to the general covariant gauge field P;k, since
H;; = 0;,P; — 0;P; + [P;,P;] and the so-called seli-interaction is evident. We
introduce the gravitational charges simply putting

ey =mVG, e =mG.

Hence, . .
2= BP=—_
9 e2G 7 e2G’

We also put mgc mac
- Tz - )

hg hg

where hy is a gravitational Planck’s constant and, hence,

2 2
6g &

= — aS =
7 hye’ hgc

@

are coupling constants of the gravitodynamics. Since the ratio e¢?/e? = a, if
h/hg = o, then we can estimate mg as Planck’s mass, but m, stays arbitrary.
Thus, three fields in question form one whole with the gravitationals field and
represent the very fabric of reality.

CONCLUSIONS

Whilst the need for invisible matter was established almost a century
ago, only its gravitational interaction has been confirmed so far. This is
a very important observation, since it supports our statement that the
gravitodynamicsis is the theory of this matter which is presented with the
general covariant gauge field and the general covariant bispinor field. Thus,
there is no reason for a plethora of models for this dark matter. From our
consideration it is clear that the general covariant bispinor field can be
considered as a source of the general covariant gauge field and its gauge
invariant state, which we identify with the cosmic electromagnetic field. The
last statement demands explanation. Of course, it is evident that the general
covariant gauge field does not interact with fermionic matter, which forms
important basis of our existence and our devices. But we can observe its
gauge invariant state (cosmic electromagnetic field) with the help of our
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devices constructed from the fermionic matter. A theoretical reason for this
is very simple. We can without any contradiction enter the electromagnetic
field into the Lagrangian of the general covariant Dirac theory [4] as external
field. Thus, from the observations we can conclude that the gauge invariant
state of the general covariant gauge field represents the Cosmic Microwave
Background. Since we now know the natural sources of the gravitational
field at the large scale, the new status of the gravitational waves should be
considered as well but this is a subject of a separate consideration. It is now
clear that the investigation of the gravitodynamics as a closed gravitating
system in the framework of quantum field theory is now an urgent problem
because it can be renormalized.
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